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Abstract 



We describe the tensors and spinor-tensors included in the ^-expansion of the ten-dimension 
chiral scalar superfield. The product decompositions of all the irreducible structures with 9 ai 
the 9 2 tensor are provided as a first step towards the obtention of a full tensor calculus for t 
superfield. 
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I Introduction 



The field structure of higher dimensional supergravities as well as of N > 3 extended supergra 
ities is still an open problem. It is an old problem whose general solution was deemed impossit 
for a while due to some "no-go theorems" |1| establishing the impossibility of writing quadrat 
Lagrangians for the linearized (free) theory. The underlying problem was the so-called "se 
duality counting paradox" |2j which was subsequently resolved by the discovery of the fa 
that the Lagrangian for the linear theory is not quadratic when is dealing with fields having 
self-dual field strength. 

In particular one would really like to know the auxiliary field structure of 10-dimension 
supergravity || , a theory unaffected by the above mentioned no-go theorems, due to its relevan 
for string theory applications. 

Traditionally the auxiliary field structures for supergravities that are known have always be* 
found in a rather ad hoc manner by counting degrees of freedom and trying to add suitable nt 
fields in order to match the bosonic and fermionic degrees of freedom off-shell f|. It was on 
later, after the answer was known, that more systematic ways of deriving the result were foun 
However, for the more complicated theories the auxiliary field structure becomes so complex th 
it has been impossible to guess. Complicating matters further is the above-mentioned self-duali 
counting paradox, and we are finally bound to use a systematic approach to solve the problerj 

A fruitful approach in 4 dimensions is the use of the superconformal framework in will 
the different Poincare supergravities correspond to using different compensators to fix the ext 
degree of freedom || . However, while the super-Poincare algebra remains essentially the same 
higher dimensions, the same is not true for the superconformal one which acquires a multitu 
of new generators [0], which complicates enormously this gauge-fixing procedure. In fact, ev< 
though the complete off-shell structure of ten-dimensional conformal supergravity was obtain 
long ago in |§, a satisfactory off-shell Poincare version is still lacking (see |9|, |10|1). 

In ref. |]10[ it was proposed a linearized off-shell 10-dimensional supergravity adding to i. 
conformal supergravity multiplet a set of 2 full-fledged chiral scalar superfields. However this 
in all likelihood a reducible version since each chiral scalar superfield contains 3 irreducible piec 
11]. Furthermore, the tensorial structure and transformation rules of the component fields w 
not provided, even at the linearized level. 

A second more promising approach is the irreducible superfield method, which has be' 
successfully used in the N = 1 Jl2| and N = 2 Jl3| cases. In working with superfields [| 



one is automatically assured that the numbers of fermionic and bosonic degrees of freedom w 
match, but general superfields are usually objects too large to handle, containing many mo 
fields that one is interested in, especially in higher dimensions (though some interesting for 
dimensional results have been obtained using unconstrained superfields in the so called harmor 
superspace approach [pi]). That is why the importance of irreducible superfields, which are mu< 
simpler objects satisfying additional supersymmetric constraints. These subsidiary conditions a 
usually differential equations involving the superspace covariant derivatives, and can be obtain 
by applying appropriate projection operators for the corresponding eigenvalues of the Casimi 
|i~2| . The Casimir operators for the super-Poincare algebras in all dimensions are known ai 
they have been used to decompose the 11-dimensional [[L6| and 10-dimensional massive seal 
superfields. In the 10-dimensional case, there is an additional interesting complication, name 
that the lowest (quadratic) Casimir operator C*2 does not distinguish between the 3 irreducit 



pieces since it has the same eigenvalue for the corresponding representation [|TT|. Therefo 
one would have to construct projection operators using the second lowest (quartic) Casin 
operator C 4 , which does distinguish among those representations, but the resulting different] 
equations are so complicated as to render the method impractical. However, this difficul 
was circumvented by resorting to the Cartan subalgebra in order to obtain simple different] 
equations which were used to characterize the irreducible pieces of the massless and massi 



10-dimensional scalar superfield in [17] and [18| respectively. The irreducible superfields we 



then obtained as expansions in Grassmann-Hermite polynomials, but the field components 
these non-covariant expressions remained to be sorted out, though in principle it can be done 
In all this one final basic stumbling block remains though: while it is known from groi 
theory methods what are the fields contained in scalar superfield []19| , it is not known in wh 



form they appear. In other words, while it is trivial to write the scalar superfield in multispin 
language: 

16 

Hx,e) = ^ iXai ...a j (x)o a K..9^, (1. 

j=0 

it is a rather different proposition to extract the irreducible fields with their tensor (non-spinc 
indices out of the Xai-aX x ) fields. The latter is equivalent to decompose into irreducible pieces i 
the possible powers of the anticommuting variable 9 a , and that is what we will do in this pap< 
The irreducible SO(10) representations contained in the corresponding powers of 9 are reproduo 
in Table 1. The list is for increasing powers of one of the basic spinorial representations [|||| 



o: 



corresponding to the positive chirality projection 9^ + \ For the negative chirality case 9 
just needs to read Table 1 upside down. In either case the representations corresponding to i. 
fields Xa 1 ...a j (x) are the same but with opposite chirality and duality when they apply. In oth 
words, the representations for the fields accompanying a certain power of 9^ are given by t 
same power of 9^ and viceversa. 
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15 
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[0] 


1 



Table 1: Decomposition of the totally antisymmetrized Kronecker (wedge) powers of the bat 
spinor representation of SO(10), as given by their highest weights. 



II Fierz Identity 



The 10-dimensional Fierz identity for strictly anticommuting #'s can be put in a very simp 
form 

Q(±) Oid (±)0(±) O2d (±) = Le^) 0l Yi^Y B ^o^m^Y BlB2Bz e^ (2. 

96 

where = \{I±T (11)) are the Weyl projection operators (see Appendix A for our conventions 
Then one obtains immediately the vanishing of the triple contraction: 

9 {±) T BlB2B3 e^e^r B ^e^ = o (2. 

since, in 10 dimensions, r BlB2B3 r c ' lC ' 2C ' 3 r BlB2B3 = -48Y ClC2C3 . Likewise, using the properties 
the Dirac algebra, it is relatively simple to show that the following double contraction vanish* 

e^T ABlB2 e^e^r B ^ c e^ = e^Y A Y BlB2 e^e^Y B ^Y c e^ = o. (2. 

For the single trace we get a non-trivial result: 

9^T AlA2 T B e^e^T c ^v B e^ = 2e^Y B{A ^e^e^v M c ^ B e { - ± \ (2. 

In particular, (2.4) implies the vanishing of the antisymmetric combination: 

9^T [AlA2 r B e^e^T ClC2] T B e^ = o. (2. 

In fact, (2.4) implies the more powerful and useful result 

~e^v [MA2 v B e^e^Y M c B e^ = 0. (2. 

Therefore we conclude that 9^Y AlA2 Y B 9^6^ ±s> Y ClC2 Y B 6^ is a traceless tensor which contai 
no antisymmetric parts of more than 2 indices, and must therefore correspond to the represe 
tat ion 



or [2 2]. 



Finally we are ready to tackle the uncontracted product, and we obtain: 

£^(±) r MA 2 A 3 0(±) 0(±) pCi C 2 C 3 0(±) = 

8 

T 1 £ A 1 A 2 A 3 i 3l D 2 D3D 4Cs [C 1 C 2 0( ± ) r C3] i3iD2 0(±)0(±) rD3D4D5 0(±) 

32 

_ £ q<±) r [Cl e<±) e<±) r A -^ C2 °' i] e {±) 

8 

+ ^ v [A^Q{±) T A 2 A 3 ] De {±)Q(±) T DC20 A ] e{±) ^ 

where one has to make use of the Dirac algebra and in particular 



-PA1...A7 1 Ai...A 7 B 1 B 2 Bzr F /'O 
1 3! (ll)lBiB 2 B3- (2. 

Before we can make sense of Eq. (2.7), let us note that if we call: 

X (±)C;D 1 ...D 5 = Q(±) r ClD 1 D 2d (±)Q(±) T D 3 D 4 D 5 ] e ^. 

we get 

y-(±) AiA 2 A 3 _ 

^[Ci;C 2 C 3 ] 

^-(ijr^i^a^i)^)^^^^) _ 30( ± )r^ A2 [Cl 0( ± )^ ± )r^] O2C3] 0( ± )). (2.1 

I^' is clearly traceless by virtue of (2.5) and trivially satisfies 

X (±)[A;B 1 ...B 5 ] = Q ( 2J 

And, since has five totally antisymmetric indices, it is a good candidate for the oth 

irreducible piece of the 9 4 sector. This will be confirmed shortly. Then we can rewrite (2.7) a: 



Q(±) T A 1 A 2 A ie {±)Q{±) T C 1 C 2 Cz e (±) = 

48 

+ ^_ X (±)[Av,A 2 A 3 ]CiC 2 C 3 

2 

+ ^(±)r B [ A2A ^( ± )? ? Ai ][ Ci ^ ± )r C2C3]B ^ {±) . (2.i 

This equation implies the (anti-) self-duality of l( ± ' i;Bl - B5 : 

X (±)A;B 1 ...B B = - J -}_ e B 1 ...B 5 D 1 ...D 5X (±)A; D ^ ^ 

5! 

^ (±)A; B,..B B = ±^B,..B 5 D,..D 5 XW^-^ (2.1 

thus confirming that it is the missing irreducible piece from the # 4 sector. 

Therefore, the basic identity (2.12) gives the decomposition of the general # 4 tensor in : 
reducible pieces. It is the basic identity from which all the higher order decompositions mu 
necessarily follow by appropriate iterative use of it. 

In the remainder of the paper we are going to concentrate only on the positive chirality ca 
#( + ). To obtain the corresponding results for one just has to remember that all the chirali 
and duality properties are reversed. 



Ill 9 Decompositions 



In order to simplify notation let us call 

M ABC = Q{+) V ABC 6 (+) . (3. 

Also in the remainder of the paper we are going to use the following letter convention: u 

contracted indices labeled by the same letter with different subindex are understood to be a 
tisymmetrized except if the letter involved is S or X in which case they are understood to 
symmetrized. For instance: 

jpCA 1 A 2 A 3 QA 4 A 5 D _ pC[A 1 A 2 A 3 QA 4 A 5 ]D 
N CD Sl S 2xiP S 3 AB^ = N CD { S lS2{XiP S 3 )AB x ^ ^ 

where the square and round brackets are the by now standard notations denoting normalized tot 
antisymmetrization and symmetrization respectively. This notation will dramatically reduce t 
need for brackets which would make some formulae otherwise practically impossible to write. 
Then, Eq. (2.12) becomes: 



j^A 1 A 2 A 3 ^B X B 2 B 3 



J^A 1 [A 2 A 3 j^B 1 B 2 B 3 ] _ ]_ e A 1 A 2 A 3 B 1 B 2 D 1 ...D 5 j^B 3 



D 1 D 2 M D:iD . 4Dr> 



2 V 5! 

+-rj AlBl M MA3 D M B2B3D . (3. 

Eq. (3.3) is equivalent to the following two statements: 

m cma 2M a 3 ma 5 = -l e A ^ B ^M c BlB2 M B3B4B5 (3. 

5! 

Q 

j^A 1 A 2 A 3 j^B 1 B 2 B 3 _ ^j^-A![A 2 A 3 j^B 1 B 2 B 3 ] _|_ ^AxBx j^A 2 A 3 D ]\^B 2 B 3 D ^ 

Eqs. (3.3) or (3.5) clearly give the decomposition of M AlA2As M BlB2Bi into its irreducible pan 
the anti-selfdual [2111 — 1] piece: 

_ M A;B 1 ...B 6 = M AB 1 B 2M B 3 B 4 B 5 

and the [22] piece: 

m MA 2 -b,b 2 = m a 1 a 2eM b 1 b 2 e_ ^ 

From their definitions and the results of this and the previous section, we get the followii 
properties: 

M [A; Bl ...B 5 ] = Q M4E ,E Bl ...B 4=0 

= -^e B - M -^M 4 A -' Dl ... D5 (3. 
5! 



and 



M MA 2 ;B lB2 = M B lB2 ;A lA2 ^ ^EB = g 

iA[B;CD] 



MT ' 1 = 0. (3. 

In order to decompose the next product M AlA2As M BlB2Bs M ClC ' 2C3 one can proceed to itera 
(3.3) for the different binary products. After several iterations and a lot of algebra it is possit 
to obtain the following decomposition: 

■j^AiA 2 A 3 j^BiB 2 B 3 j^C\C 2 C 3 _ 

S(A, B, C)$A%n B ^M^ A2A m B2C ^ D M B ^ D + ^ V A ^ V B ' C2 M C3 DE M A2A3D M B2B3E 

--r) B ^ V B2 ° 2 M Cs DE M B3DAl M MAsE 
5 

+ J_ eBlB2B s AlA2 C 1 C 2 D 1 D 2 D 3M A 3 E 1 ^ MD2D E 2ME ^0 3 (3 ^ 

20 

where S(A, B, C) is the normalized operator that fully symmetrizes on the letters A, B, C. T. 
last term in (3.10) is automatically symmetric upon interchange of these three letters, as can 
easily proven by using the fact that a complete antisymmetrization of 11 indices must necessari 
vanish. 

In deriving (3.10) one has to make use of many identities (see Appendix A) which are al 
consequences of (3.3), specially 

M A DE M BEF M C F D = (3.1 

which follows almost immediately from ( |2.6| ) and (2.3). Eq. (3.11) means that all triple contra 
tions of M 3 vanish, as it should be since there are no objects with 3 indices in the 9® sector. 

The amount of effort required to obtain (3.10) by iteration of (3.3) makes it clear that ; 
alternative way is needed if one hopes to decompose all the higher order products. Neverthele 
it illustrates the fact that all the necessary product decompositions are direct consequences 
the Fierz identity (2.12). 

There is a much simpler way to obtain the decomposition (3.10), by systematically removii 
traces (since the irreducible pieces are traceless) and using the appropriate Young projectors < 
the traceless parts. This is possible because we already know beforehand what are the irreducit 
representations involved (see Table 1). 

Let us begin by removing all the traces from the object: 

MA^A, ^B^ M DC\C 2 = Tracdess ( M A±A 2 A 3 Mj B^B 2 M DdC 2 ) 

+-(2r) AlBl M EA2M M DE B2 M DClC2 + 2n AlCl M EMAs M DBlB2 M DE ° 2 
5 

+7] b^ m ea 2 a 3Mde b 2M dc 2 a^ ( 31 

Next we decompose Traceless [M A ^ A2A ' i M E) BlB2 M DCxC2 ') using the Young projectors correspon 
ing to the representation : (see Table 1) whose construction is detailed in Appendix C: 



Traceless(M AlA2As M D BlB2 M DClC2 ) = 
= Y (l^j M AlMM M BlB2D M Cl ° 2 D 

= -(M [AlA2A3 M BlB2] D M ClC2D + M [AlA2A3 M ClC2] D M BlB2D 
3 

+2M [AlMA3 M BlCl] D M B2C2D ). 



(3.1 



Now we do the same for the uncontracted product M AlAiA3 M BlB2B ' A M ClC ' 2C:i , first remo 
the traces: 



m a^a 2 a 3M b x b 2 b 3M c x c 2 c 3 = Traceless(M AlA2A3 M B ' B2B3 M ClC20i ) 



- M D A2Ai M DB2Bi M Cl ° 2C[i — M n A2A:> M ClB2B3 M D ° 2C '- 



D 



+2M D MA3 M Cl ° 2B2 M DBiC3 + 2M D MB2 M DCl ° 2 M AzBzCz J. (3.1 
Using some of the identities in Appendix A and the decomposition (3.12)-(3.13) we get 



m a^a 2 a 3M b x b 2 b 3M c^c 2 c 3 = Traceless(M AlA2A3 M BlB2Bz M ClC20i ) 

+9S(A, B, C^^M^^M^dM^ + 2 -^ri c ^ B2 M Bz DE M A2AzD M C2CzE 



l v MB lr] A 2 B 2M B 3DEM C lC2 D M B 3 C 3 Ey 



(3.1 



To obtain the traceless part in (3.15), we apply the Young projector corresponding to the repi 



□XI 



sentation : (= ff 3 for 50(10)) 



Traceless {M AlA2As M BlB2Bi M ClC2C3 ) 



= Y\z 



j^A 1 A 2 A 3 j^B\B 2 B 3 jyjG\G 2 Gz 



2 1 M Bl ^ 2 Bi M Al A-2 Ai M C2 Ca ' c 
1 

20 



_± z€ a 1 a 2 a 3 b 1 b 2 c 1 c 2 e 1 e 2 e 3M fdb 3Mde ^ Me3F C 3 



(3.1 



where the last equality follows from the anti-selfduality of M A ^ BlB2 M BsB4B ^ by rotating indic( 
and explicitly displays the aforementioned equivalence of S'O(IO) representations. 

Eq. (3.16) together with (3.15) reproduces for us the decomposition (3.10). We will del. 
the study of the irreducible pieces of the 9 6 sector until the next section. 



IV Irreducible Bosonic Structures 



The difficulty in proceeding along the lines of the previous section is that one needs to knc 
beforehand what are the irreducible pieces of the higher 9 powers in order to decompose t 
products into irreducible pieces. That is why we are now going to proceed backwards, startii 
from the scalar corresponding to # 16 and come down from there. 

To construct the above scalar we first notice that it is easy to identify the totally symmeti 
tensor of 8 s sector corresponding to the representation [4]: 

m abcd = M A E F M B F G M C G H M D H E . (4. 
It is obviously traceless (see ( |3.11|) and cyclically symmetric: 

M ABCD = M BABG (4. 
and the antisymmetrization of any two neighboring indices vanishes 

M [AB]CD = M [A efM B]FG m C g H m D h E 

= -±M BA F M E FG M C GH M DHE 

= - A M BA F M HE G M C G F M DHE = (4. 

where we have twice made use of (2.6) and then (2.3). Thus 

M ABCD = M BACD . (4. 
Properties (4.2) and (4.4) imply that M. ABCD is completely symmetric in all four indices. 

The scalar we are looking for is the square of (4.1) 

•Mis = Mi lS2S:iSi M 8Sl s 2 s 3 s, 

= M Sl ElE2 M S2E ^ M s * FlF2 M S ± F ^ M Sl GlG2 M S2 a 2Hl M Ss HlH2 M Sa h 2Gi (4. 

where all the M-f actors are equivalent. 

Since all the factors in (4.5) are equivalent, there is only one possible expression to be obtain 
by removing any one of them and that must be our irreducible piece: 

m abc = M^ ElE2 M s ^M^ FlF2 M AF ^M Sl BG M S2GH M s BC 

= M s ^ a M s bg M S2 ghMs 3 hc (4. 



which is obviously antisymmetric in B, C: 

M ABC = _ M ACB 



(4- 



but must be totally antisymmetric because it must belong to _ = [1 1 1] . In order to pro 



this, we first put it in a more appealing form using the symme 



ry of the I I I I I part as well 



m abc = M ASlDl M S2 DlD2 M ED2Fl M B FlF2 M Sl F2Gl Ms 2GlG2 M c E G2 . (4. 
Then, reordering factors and using fl2.6|) once more we obtain 



m abc = M BS ^M S2 DlD2 M ED ^M c FlF2 M s /^M S2GlG2 M A E G2 

= M BCA . (4. 

Properties (4.7) and (4.9) imply that M. ABC is completely antisymmetric in all 3 indicc 
From (4.6) and (4.5) we note that 

M AM M AM = -Mi6 (4.1 
and therefore we have the product decomposition 

M A,A 2 A SM B lB zB s = _J_ r} A 1 B lT] A 2 B 2T] A 3 B 3Mi(i ^ 

em. 

Not all the factors in (4.6) are equivalent, so now we get two possible structures by removii 
one factor from A4 ABC . One is: 

Mu AB ' CD = M A ^ Dl M s ^ D2 M c D2E M DEF -M SlFlF2 M S2 F2B (4.1 
which is clearly traceless and, by virtue of fl2.6|) , (2.3), has the symmetry properties: 

M 12 AB ' CD = M 12 BA ' CD = M 12 AB > DC = M 12 BA ' DC . (4.1 
By using (|2.6| ) in a different way we can also derive 

M 12 AB ' CD + M 12 AC > DB + M CB ' AD = (4.1 

M 12 AB > CD + M l2 DB > AC + Mf 2 D > CB = 0. (4.1 
Combining (4.14) with (4.13) we get 

^ i2 A[B,C)D +jCii2 D[B,C)A = ^ 

while combining (4.14) and (4.15), 



M 12 AB ' CD = M 12 CD ' AB . (4.1 
Once we have obtained (4.17) we see that (4.14) and (4.15) simply mean: 

M i2 A(B,CD) = q (4J 

Eq. (4.16) tells us that antisymmetrizing on two indices on opposite sides of the comn 
automatically makes the other pair also antisymmetric. Thus we recognize the object th 

displays the symmetry of the Young pattern EB : 

M 12 AlAr ' BlB ' 2 = M 12 AlBlAM = M 12 AlBl ' MB2 . (4.1 

However it is interesting to note for reference, the more interesting properties of the -M 12 tense 
From the definition (4.19) it is clear that j(/[ A 2 A2 ' BlB2 is traceless and that it satisfies: 

Mi2 A[B;CD] = q (42 

Thus it has the same properties as the tensor Mi 2 AlA2 ' BlB2 except for nilpotency. 

Even though Ai± 2 and M.\ 2 have apparently different symmetry properties they both ha 
the same number of degrees of freedom, 770, i.e. the dimension of the irrep. [22] of SO(10), ai 
they both can be expressed in terms of the other. The inverse of (4.19) is 

M 12 AB > CD = l(M 12 AD -> BC + M 12 BD ' AC ) (4.2 

as can be easily seen by using (4.18). 
From (4.8) and (4.12) we see that 

M AE ' BF M C FE = M 12 AB -> EF M C FE = M ABC (4.2 
and then we have for the decomposition of the single contraction: 

M 12 s ^ XE M AlME = l -(l5 s A \M S2X M - lv XSl M S2 AlA2 + \^ S2 M X MA ^. (4.2 

Eq. (4.23) is easily obtained since it must have that general form and the coefficients are giv 
by the traces of the left-hand side, either zero or (4.22). For the other object we have 

M 12 BlBr ' CE M E AlM = -^(3r] AlC M A2BlB2 - 3r] AlBi M A2B2C + V ° Bl M B2AlM ). (4.2 
Using (4.23) and following the same procedure one derives for the full product 



i^SiA! r .X 1 A 2 KAS2X2A3 

11x7 L ' 

S1X1 S2A1 J^X 2 A 2 A 3 _ ^SiX 1 ^X2A 1 j^S2A 2 A 3 
-\-fj XlX ' 2 fj^ lJ>L1 J^^ 2 ^- 2 ^ -\- yjSiSi'qXiAi j^XiA^Az 

_}_ f r jX 1 X2^SlS2 _ r jXiSl^X2S2\ J\y[A\A2Az 

9 V / 



(4.2 



and 



B 1 B 2 ;CiC 2 j^A 1 A 2 A 3 _ ® f A^ A 2 B 2 ^A 2 dC 2 i 2ri AlBl n A ' 2C ' 2 Ai^ 20 ' 2 

12 11x7V 

_|_ r jA 1 Ci f jA 2 C 2 j^A 3 B 1 B 2 _ 3^ Bl C lf jC 2 A 1 j^A 2 A. s B 2 

— _^B 1 Ci^B 2 Aij^A 2 A 3 C 2 J_ 7 jB 1 Ci r jB 2 C s j^AiA 2 A 3 S j ^ ^ 

If we remove a different factor from yW j4 ' BC we extract the new structure 

M 12 XABY ' ElE2 = M x Dl D2 M A D2 D *M F Da D ±M B Da d *M y D ^M F E ^ E2 . (4.2 
It has the obvious property 

J^XABY;C X C 2 = _^YBAX; Cl C 2 ^ 



and by applying Q2.6Q it is also easy to prove 



M? 2 [ABY > ClC > ] = M[f B ™ 2] (4.2 

which in turn implies: 

J^XABY;C,C 2] = Q (4 3 

However, this object is not irreducible because it is not completely traceless, but rather h 
two non-vanishing traces: 

KA ABY;EC KA AC, BY 

Mil E — — - /V '12 

M 12 XAB E > EC = M 12 BC > AX . (4.3 
In order to decompose it one removes the traces and applies the appropriate Young projector 

M 12 XABY ^° 2 = Traceless (M 12 XABY ^ C2 ) 

+^{-Mv XCl Mf 2 c - BY - V Y ^M 12 BC ^ AX ) 

-3( V XB M 12 AC >> YC2 - V YA M 12 BCuX ° 2 ) 
-5( V XC ^M 12 BC2 ' AY - V YC ^M 12 AC ^ BX + V AC ^M 12 BC2 > XY 
- V BC ^M 12 AC2 ' XY - V AC ^M 12 SC2 ' BY + V B ^M l2 YCl ' AX ) 
+2( v XA M B 2 Cl ' YC2 - V YB M 12 AC ^ XC ' 2 

+A V XY M 12 AC ^ C2 - V AB M 12 XCl ' YX2 )\, (4-3 



Traceless(M 12 XABY ' ClC2 ) = Y M 12 XABY > C ^ 

6 

+M 12 B[YXA]ClC2] + M 12 YlXAB ' ClC2] ) (4.3 
From (4.33) it is apparent that the second irreducible structure is 

M^i Al - As = M? 2 AlAaAaiMA * 

= M b Di D2 M f D2 D3 M Ai D3 D4 M A2 D4 D5 M A3 d 5 Di M f MA5 , (4.3 

whose tracelessness is confirmed by ( |3.11| ). Eq. (4.30) implies the property 

M [ S Al - As] = (4.3 
and in Appendix A we prove the duality property 



M B i M - M = L e M...M El ...E 5M B; ^ Eg (4 3 



1 

5! 

which is opposite to the one satisfied by M A B ' M - M . The definitions (4.34), (4.6) give the resi 
for the triple contractions 



M^ lMEM M ElE2E3 = --M BA ^ 



M^ E2EsMMM M ElE2EA = - l -M MMA \ (4.3 





and by simple detracing, 



Mi2 B;A 1 A 2 A 3 E 1 E 2Mce ^ = ^^B^A^ _ ^BA X M A 2 A 3 + M BA 2 A 3 ^ 

M Ey,E 2Al ...A 1M = _^ § A 1M A 2 A 3A4 (4 3 

35 

From (4.38) and Young-projecting 

M l2 B ' M - ME M ClC2E = Traceless(M l2 B]Al - A4E M Cl c 2 E) 

+-J_^ M A 2 A 3Ai _ 2S M 5 M M BA 3 M _ v BA 1§ M Mc A 3Ai) ^3 
o X oO 



Traceless (M l2 B]Al - ME M c '° 2 E ) = Y : M l2 B]Al - ME M c '° 2 



= M 12 [B ' Al - M E M ClC ^ E = -M 12 E '' [BAl - Ai M ClC2] 

5 

^ 1 BA 1 ...A 4 C 1 C 2 E 1 E 2 E 3 u (a a 

— ■^ V[ E 1 E 2 E 3 - (4.4 

Eqs. (4.39), (4.40) and (4.35) then give 

M E 2 Al - A5 M c ^ E = -- ( -c m - a ^ c ^ e * e *Me,e 2 e 3 + V A ^ V A ^M AM ') . (4.4 

21 \5! ' / 

Finally for the full product 

j^^B;A 1 ...A 5M C 1 C 2 C 3 = _^^BC le A 1 ...A 5 C 2 C 3 E 1 E 2 E 3 r ^BA\^A 2 ...A$C\C 2 C 3 E\E 2 E 3 

, rl C 1 A 1 RA 2 ...A B C 2 C 3 E 1 E 2 E 3 \ KA 
+V e )J V ^E 1 E 2 E 3 



1 

35 

r) BA 1 ^A 2 Ci ^A 3 C 2 A 4 A 5 C 3 



r jBCi^A 1 C 2 ^A 2 C 3 j^A 3 A 4 A 5 _|_ ^Axd ^A 2 C 2 ^A 3 C 3 j^BA 4 A 5 

(4.4 



0™ 

The first structure we encounter by removing a factor from M 12 AB ' CD is 

jd w S i S 2 s 3-,MA 2 = j^S!S 2 S 3 E M A X A 2 e ^ A 

whose symmetry properties are manifest. Its tracelessness follows from these symmetries ai 
from the tracelessness of M.% SiS2S3Sa . The object in (4.43) also satisfies 

M w {SlS2S * A)B = 0, (4.4 
and its product decompositions can be derived as before and we just list them: 

M lQ EDA;BE M C Ep = _M l2 AD,BC 



M 1Q ABD;EF M C EF = Mw EFA-BD M C EF = q 



M 10 SlS2Ss;AE M BlB2 E = - v SlBl M 12 S2S:i ' AB2 - — v SlS2 M 12 S3Bl ' AB2 

T 2 X 



jfr 5 1 5 2 B;A 1 A 2M B 1 B 2 



E 



--M S ^S2A 1 A 2 B 1 B 2 

3 12 



+ ™ 



2 

63 



— {r] SlBl M 12 AlB2 ' A2S2 + r] SlAl M l2 A2Bl ' B2S2 ) 
3 



S 1 S 2 Sa;A 1 A 2 j^B 1 B 2 B 3 



+ 17r) AlBl M 12 SlS2 ' A2B2 + -r] SlS2 M 12 AlBl ' A2B2 

3 



— _l^|1^^5'i B i_A^ 12 5'2;S'3A 1 A2B2B3 _ j^^By,S 3 A 1 A 2 B 2 B i j 

2 l " 2 ^ S 'i B i^ S '2Ai^ i2 A2-B2,B3S'3 _|_ g SiBi ^Ai^^Ss^Ba 



+ 



35 
1 

21 



2jySi52^A 1 B 1 ^ i2 A2B2,B 3 53 _ £ S^^Ss-Bij^AiBa^Bs 

5 



(4.4 



However, the symmetry properties of the tensor J\4 w SlS2 ' S:i ' ,AlA2 are not the ones of the Youi 
pattern as it is conventionally understood, but it is easy to construct a new tensor whl 
corresponds to : 

j^^S^A^Aa = ^ io SiS 2 [Ai;A 2 A 3 ]_ ( 4>4 

But, just like we had in the 9 12 case, both of these objects are equivalent, both are irreducit 
and carry the same number of degrees of freedom (4312) and they can be expressed in terms 
each other. The inverse of (4.46) is: 



5 

From the definition (4.46) we get the property 

Mw S[B;AiA 2 A,] = Q 

The new products are immediately obtained from (4.45): 

Mw SEr,MA 2 E 2M C E ^ = J Mi MA 2 -,SC 



(4.4 



(4.4 



Mw S.S 2 ;AE lE2M B E ^ = _ jvn2 



2 
3 



Ml2 S,S 2 ,AB = ° M SiB;ihA 



Mw E lE2 ;MA 2 A 3M B E ^ 



Miq SE;A 1 A 2 A sm B 1 B 2e = ^^^B^A^A, + M Bv,B 2 SA 1 A 2 A^ 

9 

+ A( 8 ^iSi_ Ml2 A 2 A 3 ;B 2 5 + v SA lMi2 A 2 A s ;B lB ^ 

27 



M w SiS2 ' AiA2E M BiB2 e = -—M 12 Si;S2AlA2BlB2 

9 



+ 7 ^—{58 V A ^M s 1 ^ S2A2 + 31 V s ^M l2 AlAr ' S2B2 
7 x 81 

+ ll^Mif 2 ^ 2 -2 v s ^M^ Ar ' BlB2 } 



j^ w SiS2;A 1 A 2 A 3 ^B X B 2 B 3 _ j^SiS 2 [Ar,A-2M\ ^BiB 2 B 3 

— __ j_^SiBi^S 2 ;AiA 2 A 3 B 2 B 3 + ^SiSi j^M;S 2 A 2 A 3 B 2 B 3 ^AxBy j^Sv,S 2 A 2 A 3 B 2 B 3 ^ 

_ 63 ~~ 63 ~~ 7 J 

_l_ 2 S 2 Bi A/f A 2 A 3 ;B 2 B3 32 „SiAi A 2 Bi K/ <B 2 B 3 ;A 3 S 2 

, 12 T1 5iBi T1 A 1 B 2 A/f A 2 A 3 ;B 3 S 2 , 8 A\B\ A 2 B 2 kaS x A 3 ;S 2 B 3 

35 35 

_1^ 1 5 2?? A 1 B 1 _ M A 2 A 3 ;B 2 B 3 (44 

35 

The second irreducible piece has 7 indices; we can extract a seven-index object by removing o: 
of the factors from jCif 2 AB¥ ' ClC ' 2 to obtain the structure 

j^XYZ-MA 2 B lB2 = M XED im Y d ^ m ZD 2 F m A 1 A 2eMf B 1 B 2 _ ^ 

It is clear that 

M lX YZ .MA 2]BlB2 = o M xyV;MA 2 B,B 2] = Q 

j^XYZ-MA 2 B,B 2 = _ jCi ZYX,B 1 B 2 A 1 A 2 ^ 

aside from the obvious antisymmetry in A ± , A 2 and B 1: B 2 . 

The object in (4.50) is not irreducible because it is not traceless. Its only non-vanishing trac 

are 

\A YZ\A\A 2 EB fCyiY ZB\A\A 2 

Alios — — Alio 

M^ E ' EABlB2 =mV A]BiB2 



l 10 E - M 10 

! 10 B 



m yxzba = . m xd i D2 M yd * D3 M zd * D4 M bd ± D5 M AD5 Di (4.5 
For J\f XYZBA W e have 

j^XYZBA _ j^AXYZB 
j^XYZBA _ _J\fABZYX 5 

as well as, by using (|2.6|) in the last two factors, 

M XYZAB = M XYZBA + J^YZ.BA ^ 

Iterating (4.54) and using (4.44) one can derive the decomposition 

m xyzab = ^m z w ab -> xy - M B 1Q A{X '' Y)Z + \m^ z ' BA (4-5 

and therefore 



zap, 1 , A / \ikXY 

10 



M \XY\ZAB = 



M [xy Z] AB = _ M ABIX ] Z ] Y_1^ABY;XZ ^ 

expressions that will be needed later. 

In order to obtain the second irreducible piece of this 9 W sector we can just project (4.5 

according to the pattern One obtains the structure 



M CD; Al ...A 5 = ^CA lD ;A 2 ...A 5 

= M CEGl M Al GlG2 M DG * F M MAs E M F MA \ (4.5 

which is completely antisymmetric in Ai,...,Az (we remind the reader of our letter conventio 
and by virtue of (4.51) it is also antisymmetric in C, D: 

M OD;M...A 5 = _ M DC;A,...A 6 ^ 

Its tracelessness is immediate from (|3.11|) , (|2.6| ), (2.3) and (4.3), and it also satisfies 

M C[D; Al ...A 5] = Q ^C^B^A = Q (45 

and it is self-dual: 

K A C 1 C 2 ;B 1 ...B S , _ 1 IS ...l!:,n ...l> : u C1C2; (A fi 

Alio - Alio D1...D5 l 4 -o 

The list of decompositions is: 

A/ ,A 1 A 2 ;B 1 B 2 E 1 E 2 E 3 M —^\A A 1 A 2 ;B 1 B 2 

AllO ^E 1 E 2 E 3 — gATl2 



MT' Bl - B4E2 M c ElE2 = M§ A]Bl - B4 M^ E2 -' Bl - B5 M c ElE2 = 2M^ Bl - B5 



K/f A 1 A 2 ;B 1 B 2 B 3 E 1 E 2 A/ rC 

yw 10 1V1 ElE2 — 

. >[C;A 1 A 2 ]B 1 B 2 B 3 2 AlBl U A 2 C;B 2 B 3 , 7 C*Bx A/f AiA 2 ;B 2 B 3 

- /x/l i2 45 45 



_ M A 1 A 2 ;B 1 ...B 4 E M C 1 C 2j 



11 



^A 2 ;C 2 Bi...B 4 



'12 



>M C 2 ;A 2 B,..B 4 > 



1 



C 2 A 2 B 2 B 3 B 4 + 



A2C2B2B3B4 _j_ 2^ / jC2;-4l^2B2B3B4 X 



l 12 



9 x 25 



AiB 1 ^A2B 2 ^B3B4;CiC , 2 + 2\r] BlCl T]^ 2 Mi^^ 4 



Urj A ^rj c ^Mt 2 2Cr ' B3B4 



M EA;B 1 ...B SM C 1 C2 1 



11 



r/ AC 1 _ M C 2 ;B,..B 5 + £ ?7 AB 1 _ M C 1 ;C 2 B 2 ...B 5 

2 



3 



B1C1 A/f A;C 2 B 2 ...B 5 



_ M A 1 A 2 ;B 1 ...B 5M C 1 C2C3 = 

1 ( 1 ^...BsAiAaCaBiBa kaCiC 2 ; , 1 ^...BsdCaCaBi^ A// AiA 2 ; 

_ 6! vTo £ljB2 2 



3 ^B 1 ...B 5 A 2 C* 2 C 3 B 1 B 2 A/f^iCi; 

JVl 12 E\E 2 

+1-12^^ M^' Bl - Ba + 5^%^^c i; c 2 c 3 b 3 b 4 b 5 

J^^B^A 2 Cr M CgC 3 B 2 ...B h _ ^B.A^B.C, ^A 2 ;C 2 C 3 B 3 B 4 B S + M C 2 -C 3 A 2 B 3 B A B^ 
+5r/ B 1 C lr/ B 2 C 1 ^AnA.CsBsB.Bs + _ M C 3 ;A 1 A 2 B 3 B 4 B 5 ^ 
+ ^C 1 A l77 C 2 B 1 ^C3;A 2 B 2 ...B 5 _ 9yw A 2 ;C 3 B 2 ...B 5 ^ 

1 1 B 2 C 2 B 3 C 3 KA A X A 2 ;B^ 1 B^ B 2 C\ B :i C 2 U A 2 C 3 ;B 4 B 5 

-\-—v v v Jvl i2 + ^ ^ 12 

+ ^Mi^2A 2 ^b 3Ci ^c 2 c 3; b 4 b s (4.6 



At the beginning of this section we introduced one of the irreducible parts of the 8 8 sectc 
namely the totally symmetric tensor in (4.1): 

M% lS2SsS4 = M Si e f M S2 f g M s *g H M S4 h e . (4.6 
Its products with M AlA2A ' s are particularly easy to decompose using (4.43): 

Ml lS2S:iE M AlA2 E = 7Wf l5a53;AlA2 

j^S 1 S 2 S 3 S4 M A 1 A 2 A 3 = Z^SiAi j^S 2 S 3 S A ;A 2 A 3 _ \^S 2 j^S 3 S A Ar,A 2 A 3 

= ^S.A^S^SMs _ l r/ 5 1 5 2 _ M 535 4 ;A 1 A 2 A3 ^ g 

This sector contains two additional irreducible pieces (see Table 1). In order to isolate thei 

^ c c 1 Q . A A 

first we remove one factor from M.i$ 2 3 ' 1 2 to get the structure 

j^xya^b.b, = m xed M y d F M mm e M b ^ B2 f (4.6 
with the following properties 

j^XY A X A 2 B X B 2 = ^YXS 1 B 2 A 1 A 2 

M [ f A ^ B ^ = Xi* [YAlA2BlB2] = (4.6 

It is reducible, 

Mf YEA E B = -M* YAB (4.6 

but easy to detrace: 

j^xya^b^ = Traceless{M^ YMMB ^) - - V A ^M^ YA ^ (4.6 

The traceless part is going to contain 2 irreducible pieces corresponding to the patterns : 
and EB . First, 



Y 



f 2 ) M* YAlMBlB2 = M* Y[AlMBlB2] + 2M AlBl [XMYB2] (4.6 



and thus the i 11 irreducible structure is 

M XY; Bl B 2 B 3 B 4 = j^XY Bl B 2 B 3 B 4 

which is completely antisymmetric in B ± , ...,B A and, by (4.65), symmetric in X, Y: 

j^XY;B!B 2 B 3 B 4 _ j^YX;B!B 2 B 3 B 4 ^ y 



and satisfying 



M X[Y; Bl B 2 B 3 B 4 ] = Q ^ ? 

Second, 

+ Mf B ' MYB UMf A ' B ' A ' WB A (4.7 
giving as the ^ irreducible structure the object 

j^A 1 A 2 A 3 ;B 1 B 2 B 3 _ J^MBx B 2 B 3 A 2 A 3 

Of course it is completely antisymmetric in the A and B indices separately and, from (4.61: 
we see that it is symmetric upon interchange of both groups of indices 

j^A 1 A 2 A 3 ;B 1 B 2 B i _ j^B 1 B 2 B 3 ;A 1 A 2 A 3 ^ y 

The remaining important property of this tensor can be derived from the definitions (4.7c 
(4.64) by using once more the properties of the 9 4 sector, 

M MA 2 [C;B lB2 B 3 \ = q ^ 

that implies also 

M A [Bl B 2 ;B 3 B 4] C = Q ^ 

By using the properties in (4.72) we can write finally for the decomposition in (4.67): 



j^XYA 1 A 2 B 1 B 2 _ j^XY-MMB x B 2 ^^j^AxBr,XA 2 YB 2 

+ - (3Ml AlM -' XBlB2 - M 



8 

\ A ^M XYMB2 (4.7 



2 

The lists of products decompositions for these irreducible pieces are 



M MA 2 ;B lB2El E 2 E 3M = ^ Mi MA 2 ;B,B 2 

5 



M r r ' BEM M ElE2Ez = Mi E ^ B ^ Es M ElE2Es = 
Ml EuBlB2B3E2 M c El E 2 = -\-M s ^' BlB2Bs M ElEr ' Bl - B4 M c ElE2 = 



Ms lSr ' BlB2ElE2 M c ElE2 = ^ (2M s ^ S2Bv ' B2C - M s ^ S2C ' BlB2 ) 

= - (3M^ Sr ' BlB2C - Mio Sl '" S2BlB2 ) 



j^S 1 S 2 ;B 1 B 2 B 3 E M dC 2 e _ ^j^SiCi;S2C 2 B 1 B 2 B3 



+ - (^Mff 2 ^ 2 ^ + r, s ^Mff lB2 ' B3C2 ) 
+ ^r) BlCl (^-^M^ S2Br ' B3C2 + M^ S2Cr ' B2B3 ^j 



10 



j^Sid\S 2 C 2 B\B 2 B 3 



+ 1^ 1 C 1-M &C 2 ;B 1 B 2 S 3 + \ ^B, M S 2 Cv,B 2 B 3 C 2 

+ - V B ^ (-llM s ^ Sr > BM + 13M^ C2 -' S2B2B *) 
20 



Mi E ' Bl - Bi M ClC2 E = - (M^ C2]SBl - Bi + hM s ^ C2Bl - Bi ) 



9 

2 
-i 
3 



+ l v BiC lM SC 2 ;B 2 B 3 B 4 



j^SiS 2 ;B 1 ...B iM C 1 C 2 C 3 



^B 1 ...B 1 ^ 1 C 2 C 3 E\E 2 E 3 



4 

+21 



V 



3x5! 

S 2 C 2 ;C 3 B\...B 4 



S 2 ; 



E\ E% 



(lOMif r ' C3Bl - B4 + 2Mif 3 ' S2Bl - B4 ) 



,Si£i 



-8r] BlCl M w 



S 2 C\ ;C 2 C 3 B 2 B 3 B 4 



Bid \ /t S 1 C 2 ;S 2 C 3 B 2 B 3 B 4 



_|_ j^C\C 2 ;S 2 C 3 B 2 B 3 B 4 ^ 
„SiS 2 A / f c, i c, 2;C 3 B 1 ...B 4 



1 

+ 5 



2r) SlCl 7] BlC2 J^S 2 C 3 ;B 2 B 3 Bi + g^SjBi^dBa^^Ca^sBa^ 



+3r] BlCl rj B2C2 



(M 



SiS 2 ;C 3 B :i B4, 
10 



M SiC 3 ;S 2 B 3 BA 



M^ A2A3 ^ E2E3 M ElEoE , = ^^ A2Ei;BB2£3 M £lE9& = 



E X E 2 E 3 — U yvig il/j£ l£ ; 2 £ 3 

A\A 2 A 3 ;BE\E 2 -*jrC = ^ ^ /f BC;AiA 2 A 3 A/f A 1 A 2 E 1 ;B 1 B 2 E 2 M C ^ iaC A\,A 2 B\B 2 

K ivi E\Ei q 10 ^ 8 E\E% q 10 



M MA 2 E-B,B 2 B 3 M B 4 B 5 ^ = _f _ M ^ 1 A 2 ;B 1 ...B 5 



M MA 2 A 3 ;B^B 2 E M C lC2 e = 

_^ f^J^B 1 B 2 ;A 1 A 2 A 3 C 1 C2 _|_ j^A 1 A 2 ;A 3 B 1 B 2 C 1 C 2 _ } L j^C 1 C 2 ;AiA 2 A 3 B 1 B 2 



9 V3" 110 10 10 



1 

15 



^ BiCi \aB 2 C 2 \A\A 2 A 3 i 'AiCi \aC 2 A 2 \A 3 B\B 2 ^„AiBi a.j A 2 B 2 ;A3C*iC* 2 



j^A 1 A 2 A 3 ;B 1 B 2 B 3 ^C X C 2 C 3 _ 

+ r^B 3 C* 3 /_4^BiB2;AiA2A3CiC , 2 + ^CiC^AiAaAsBiBa _ qj^ A x A 2 -MB\B 2 CxC 2 

+r] A:iC3 ^_4_a^^ o i a 2;SiB 2 B3CiC 2 + j^ / aCiC 2 -,b 1 b 2 b 3 a 1 a 2 _ qj^BiB 2 -,b 3 a 1 a 2 c 1 c 2 

+3r] A3Bs (^M A ^ A2 > BiB ' 2CiC2Ca _|_ j^B\B 2 MMCxC 2 Cz _ j^CiC 2 ;C 3 A 1 A 2 B 1 B 2 ^ 

75 



"2" ' - /w 10 2 ' ' 10 

. 3r/ A 1 C lr/ B 1 C 2 _ M C3A 2 ;A3B 2 B3 + 1 /iBi^fl^^AftC,] (4? 



In the decomposition (3.10) of the product of three M AlA2A3 we have two types of irreducit 
structures: 

j^ab 1 b 2 c 1 c 2 = m ade M b ^ d M c ^ e (4.8 

and 

M MA 2 ;B!...B S = m A 1 A 2 E Me B 1 B 2M B 3 B 4 B 5 

The expression (4.80) trivially satisfies 

^ABiB 2 CiC* 2 _ _^ACiC 2 BiB 2 ^ g 

and (|2.6f) implies 

M [ 6 ABlB2]ClC >=0 (4.8 

The tensor ^fjj ABlBa l c,lC ' a mU st belong to the representation and in order to make t 
corresponding Young symmetry obvious, we define the new tensor 

M XY; Bl B 2 B 3 = ^ { XYB 1 B 2 B 3 (4 _g 

Both tensors are completely equivalent though, the inverse of (4.84) being 

MAB 1 B 2 C 1 C 2 =3M AB 1 ;B 2 C 1 C 2 ^g 



It is easy to see that J\Af Y,BlB2Bi must be symmetric in X, Y: 



M [XY];B lB2 B 3 = M DE[X M Y] Bl dM B 2 B, e = 

--M XY D M DE ^M B ^ E = (U 
2 



where we have used ( |2.6| ) twice. Thus 

M XY-B M = M YX;B lB2 B 3 ^ g 

The remaining important property of this tensor is 

M X { Y;B M] = Q (4g 

as we have come to expect and can be immediately seen from (4.84) and (4.80). This time i 
have the following product decompositions: 

M S 6 lS2 ' ElE2E3 M ElE2E3 = M s 6 El ' BE * E3 M ElE2E3 = 
Mi E i;BlB2E2 M° ElE2 = M s 6 lS2 ' BElE2 M c ' ElE2 = - 2 -Ml^ BC 



j^S 1 S 2 \B 1 B 2 E M dC 2 _ _^j i/ iSiC 1 ;S 2 C 2 B 1 B 2 + 2 j^SiSi^Bsdd 

3 3 

_ ^J^SxB t B 2 ;S 2 C x C 2 _ I BiCi j^S x S 2 B 2 C 2 

2 3 

j^SE;BxB 2 B 3 M dC 2 = 4j^SCv,C 2 B 1 B 2 B 3 _ j^SC x C 2 ;B x B 2 B 3 

3 



j^SiS 2 ;B!B 2 B 3 j^jB 4 B 5 B 6 _ 1 e Bi...B 6 Si...g 4 ^|i&; g g 

2 x 5! 



^SiS 2 ;BiB 2 B 3 M CiC 2 C 3 _ 

/ e BiB2 J B3CiC 2 C 3 £; 1 ... J E;4_y^Si52;^ ^ + 2 € SiB 1 B 2 C 1 C 2 C 3 E 1 ...E 4 j^S 2 B 3 ; e ^ 



l 6 

3 

8x5! 

I 9 ^id U S 2 C 2 -,C 3 B X B 2 B 3 1 SiBi kaS^B^C^ 

10 2 

+ A r_g ?7 BiC 1 ^5iB2B3;S'2C2C , 3 _ ^SlCi^^OjC^BiBaBg 
+2 ^ s 'i B i_A^^ 2B2B 3;C*iC2C3 + ^5i52^B 1 B 2 B 3 ;CiC2C3 
^^BiCi^BaCa^SiSaBaCa ^ 



Turning our attention to (4.81), we get the duality property 

M MAr,B,...B, = _±B 1 ...B 5 D 1 ...D 5M6 A 1 A 2 ; Di (4 g 

5! 

as a direct consequence of the one for A4^' Dl ' "° 5 (eq. (3.8)). The following bracket property 
also immediate 

M A[C;B 1 ...B 5 ] = q ^ Q 

Finally, to complete this section we have the following list of decompositions: 

Mi lAr ' BlB2ElE2Es M ElE2E3 = o m AEi;BiB2B3E2E3 m EiE2E3 = 



M ElE2 ' E3Bl - B *M ElE2E3 = 



M E ^- B *M c ElE2 = 



M AEr, Bl . MM c = _I m ac 

5 



M£ lA2 ' BlB2B3ElE2 M c ElE2 = - Um c s m ' MBiB2B3 - 3M^ AlAr ' BlB2B3 ) 

5 ^ ' 

m B 1 B 2 ;AB 3 B 4 B 5 E m CB 6e = _L_ e B 1 ...B 6 E 1 ...E 4 ^CM; ^ ^ 
M ABr,B 2 ...B 5 E M CBe E = _ 2M B 1 B a ;AB 3 B i B B E M CB 6 E 

6 / 1 



M AE;B x ...B hM C^ E = | ^^...B^E^E^ACr, ^ ^ _ J 



B 1 C x j^AC 2 \B 2 ...B h 



M AlAr ' Bl '" BiE M ClC2 E 
24 



5x5! 



e B 1 ...B 4 A 1 C 1 E 1 ...E 4 j^A 2 C 2 ; 



E 1 ...E 4 



+ 25 
3 

~10 



„BiCi KA C 2 Ax;A 2 B 2 B z B 4 ^A 1 CiA / ,A 2 C 2 ;B 1 ...B 4 ^ n A^B x kaA 2 Cy,C 2 B 2 B z B 4 

q jvi 8 — -q jvi 8 - -q jvi s 

^B^i j^C 2 AiA 2 ;B 2 B 3 B 4 _|_ ^A 1 B 1 j^A 2 C\C 2 ;B 2 BzB 4 \^ 



M C,C % B,...B, M C,B,B, = ^^^...BrEMj^C^C,-,^^ 



j^A^Bl-.Bs M dC 2 C 3 = 



1 



B 1 ...B B A 1 A 2 E 1 E 2 E 3 kA dC 2 C 3 ; . , K B 1 ...B 5 CiC 2 E 1 E 2 E 3 KA A 1 A 2 C 3 ; 

■Ms E X E 2 E 3 + loe ATg B1B2B3 



32 x 35 

.Br,AiC,EiEoE* * ., _ _ 

1 8 E^E 2 E 3 



_l2 e Bi...B 5 A 1 C 1 E 1 E 2 E 3 j^A 2 C 2 C 3 ; , 



1 f^ r jA 1 C le B 1 ...B 5 C 2 E 1 ...E 4 j^A 2 C 3 ;^ ^ + e B 2 ...B 5 A 1 C 2 E 1 ...E 4 j^A 2 C 3 ; 



16 X 5 V5 
_ r jA 1 B le B 2 ...B 5 C 1 C 2 E 1 ...E 4 j^A 2 C 3 . 



El 



E1...E4 



+ ®( r] BiC 1 ^B 2 C 2 j^C 3 A 1 -,A 2 B 3 B 4 B 5 + 3 ^d^d j^C 3 A 2 ;B 2 ...B 5 
+r/ BiA lr? B 2 Ci j^A 2 C 2 ;C 3 B 3 B A B 5 ^ 

__^i^-BiCi^B 2 C2^C 3 AiA2;B3B4.B5 _ g^BiAi^B 2 Ci j^A 2 C 2 C 3 ;B 3 B 4 B 5 
_|_ I ^1 Si ^ A 2 B 2 ^ B 3 B 4 Bs ; Ci C 2 C* 3 ^ 



V # 3 -Fierz Identity and T-tracelessness. 



The basic Fierz identity does not need to have four 6*'s but only three. Thus, (2.1) can be deriv 
from 



An immediate consequence of (5.1) is 



gg- - -BiB 2 B 3 t 



(5. 



r B ^ m e^e^r BlB2B3 e^ = o (5. 

and using (5.1) and (5.2) one easily obtains 

r B i^0(±)0(±)r Bl B 2 A0 (±) = o (5. 

Then one can finally Fierz the general uncontracted product to obtain 

e^e^Y AlMAz e^ = \v Al v B e^e^v MA3B e^ (5. 

after using (5.1-5.3) and the properties of the Dirac algebra. Eq. (5.4) gives us the decompositii 
of the product M. AlA2 As 9 into irreducible pieces, and we see that the 9 3 irreducible spinor-tens 
corresponding to §§f is 

= Y E M MME 9 (5. 
which is obviously traceless and by (5.3) also T-traceless. Thus, (5.4) means 

M A,A 2 A 3Q = }_ T A 1Q MA 3 ^ 

Of course, this decomposition can be obtained easily by detracing and Young-projecting, 

m AiA 2 a s0 = Traceless(M AlMAi 6) + aT [Al T E M MAi]E 6 (5. 

where "Traceless" now means both rj- and T-traceless and there are no r\ terms on the r.h.s. b 
cause the l.h.s. is trivially ry-traceless. But the Traceless term in (5.7) vanishes because there a 
no irreducible objects with 3 tensor indices in the 3 sector. The constant a is easily determim 
by contracting (5.7) with T Al , to get a — \ and therefore reobtaining (5.6). The fermionic versic 
of the Young-projector mentioned in the previous paragraph is straightforward enough, but 
can become quite complicated for higher order decompositions. In order to simplify things, t 
general way to proceed is as follows. First, we figure out the irreducible objects by contractu 
as many indices as possible in the product M AlA2A ' A <d n so that the number of remaining tens 
indices are equal to the number of boxes of the corresponding Young-pattern, and then we app 
the Young-projector to the resulting object. Next, we decompose the A4 n+ i9 products in ten 
of those irreducible pieces instead of decomposing M AlA2Ai Q n since the former is much easi 
than the latter in general. Finally, we may use the results of the bosonic decompositions 
obtain the decomposition of M AlA2Ai <d n , since every fermionic irreducible object <d n is expressi 
as some T-contraction of M. n -iO. The procedure will be illustrated in the first few examples 
the next section. 



VI Irreducible Spinor- Tensors. 



Unlike in the bosonic case, this time we will proceed forward. 

It is easy to obtain the anti-selfdual spinor-tensor corresponding to 



3 3 3 3^3 
2 2 2 2 2 



qM...A 5 = M AiA 2 A 3 qA4Ab = M AxAsM M MAsC Vne 



= Y r M ( < A - v 
Evidently it is traceless, but it is also T-traceless: 



TdQ DA 1 ...A 4 = ^ M D Al A 2M A 3 MC + 2MAl A 2 A SM A iD C^ p ^ 

= -M DMM M MMC T DC e = 
5 



where we have used (5.3) as well as ( |2.6|) . The anti-selfduality 



1 

5! 

together with (6.2) imply the property 



P.A1...A5 _ ± A 1 ...A 5 B 1 ...B 5 c\ 



r [B e M...A B } 

The second irreducible 6 5 piece is: 



Q A;B lB2 = M BiB 2 Q AE = M B lB2 M AED T n 



M° A ' BlB2 T D 9 



Usual tracelessness is also obvious here, while 

T D Q B ' BlB2 = 
follows again from (5.3). The other T-trace also vanishes: 



T D Q A ' DB = T D M DB E M AEF T F e = M DB E M AEF T DF e 
M FD E M AEB Y DF 6 = 



where we used our old friend fl2.6|) and (5.3) once more. Lastly, a property inherited 

M MA 2 ;B lB2 is 

q[A;B 1 B 2 ] = Q 



Next we proceed to decompose products. By detracing one readily arrives at 



j^A 1 A 2 ;B 1 B 2 q _ 1 pAi0A 2 ;SiB2 _|_ pBiQB2;^iA 2 " 



5 



M? Bl - B *e = L(r A e B ^ + r B ^ef' B ' B5 ) (6.1 



10 

With (6.9), (6.10) and (3.5) one can write the more general product 



]^A 1 A 2 A 3 j^B 1 B 2 B 3 q _ ^A 1 qA 2 A 3 B 1 B2B 3 



2 ^ 



+ 20 



■pAi-p_Bi_B 2 0^3;^2-43 _|_ Y B ^Y AlA2 Q A3 ' B2Bi (6 1 



from which in turn we get 



9 7 . 



j^a 1 a 2 a 3 qB 1 b 2 _ qA 1 a 2 a 3 b 1 b 2 *±_y Ai y Bi Q Bt ' A2A3 

3 5 1Q 5 

, 3 r A 1 A 2( ^A 3 ;B 1 B 2 6 * Bl B 2 ;A 2 A 3 / fi , 

+ 5 --rj 5 (6.1 

For the representation fffl^- we need an object with 4 tensor indices, so consider 

qMA 2 ; Bi B 2 = M MA 2e qE-,BiB 2=m AiM dM BiB* e qDE = 

= T c M AlM E M c 4 E '' BlB2 6 = 3T c Mz Al ' A2BlB2 6 (6.1 

This object is evidently antisymmetric in A ± , A 2 and in B ± , B 2 , but it is also antisymmetric up< 
interchange of both sets of indices: 

qA 1 A 2 ;B 1 B 2 _ _qB 1 B 2 ;A 1 A 2 ^ 

A - B B 

Normal tracelessness is obvious and T-tracelessness follows from that of 6 5 ' 1 2 : 

r E e EA ^ B2 = r E e B ^ AE = o (6.i 

Also, from the definition we extract the properties 

qA[B;C]D = qD[B;C]A 
q[MA 2 ; Bi B 2 ] = Q (61 

Clearly, this object must be irreducible; however, the corresponding Young pattern symmetry 
not manifest, so we define the new object 

Q B;AiA 2 A 3 = qB[A i; A 2 A 3 ] = TcM CB;AiA 2 A 3d ^ 



Eq. (6.16) implies 

e lB;AlA 2 A 3] = Q (g A 

Again, these two spinor-tensors are equivalent and the inverse of (6.17) is 

qA 1 A 2 ;B 1 B 2 _ _^q[Bi\B 2 }A 1 A 2 ^ 

For the representation ||||| we need an object with 3 tensor indices, so try 

Q ABC = T D M DA E Q^ BE = T D M DAE M B FE Q FC = 

= T D M^ B F Q FC (6.2 

From (6.20), (5.5), (4.80), (4.85) and the properties of Mf- Sr,BlB * B * one can also obtain 

e ABC = -h DlD2 M B{A -' c)DlD2 e (6.2 

which shows that Q ABC is symmetric in A, C. In order to show that it is completely symmetr: 
we need to prove symmetry in A, B: 

e [ 7 AB]c = --r D M ABE M D FE e FC 

2 



■-M AB E T D Q^' DE = (6.2 



Thus: 



Q ABc = q bac = qCba = q acb (6>2 
Next let us show that it vanishes upon contraction with T A , 



T C Q ABC = T c T D M DAE M B FE e 



FC 
3 



= 2M C AE M B FE Q FC = -M BAE M FCE Q FC = (6.2 

as it is clear from (5.5) and (2.3). 

Now we proceed to list the 6> 6 x 9 decompositions. First, by Young projection we get 

T ElE2 Ml lS2 ' CElE2 6 = --0f lSaC (6.2 

3 

which can also be obtained from (6.21) plus (6.23). For the remaining M S 6 lSr ' BlB2B3 9 produc 
we have, together with (6.17), 

T ElE2 Ml Er ' E2BlB2 = 

Y j^S\S<2,C\C2E q \qS\;S2C\C2 _|_ _^pCi QC2S1S2 

6 2 7 6 7 

l / ,SiS 2 ;B 1 B2B 3 q lp5iQ5 , 2 ;BiB 2 B3 , ^_-p B iQ Sl > S2B ' 2B[i + J_pSiS 2 qB 3 S 1 S 2 (q 2 

6 7 7 28 7 28 7 1 ' 



For Mk iS2 '' Bi - B5 6 we have instead: 



r El ... E4 A^6 iAr > CEi - E4 e = o r El ,„ E4 M AEuBlB2E2EiE4 e = o 

F . .AE 1 ;E 2 E 3 B 1 B 2 B 3 n " p .A;B 1 B 2 B 3 r \ / <A 1 A 2 ;B 1 B 2 E 1 E 2 E 3 n _ *° a A 1 ;A 2 B 1 B 2 

O 



T ElE2 M ElE2 ' Bl - B5 9 = 



r^Alf^ 2 * 1 '^ = J-Y B ^ BM T ElE2 M AlAr ' BlBME2 9 = J- V b,qM-am 

5 5 



r E M. AE ' Bl '" Bs 9 = Y BlB2 Q A ' B:iB4B '' 

35 L 7 
+2r/ AlBl 67 2;B2 - B3B4 ] 



Y e j^A 1 A 2 ;B 1 ...B 4 E q _ j-pAipBiQ-A 2 ;-B2g3g4 _|_ 12r BlB2 ©7 i;A2BaB4 

35 



1 3 

j^A 1 A 2 ;B 1 ...B & _-pyli-piJiB20^2;B3S4-B5 _|_ p.BiB2^3Q^i;^2^4^S ^g 2 

In this sector, we have the same representations than in the previous (9 7 ) one. Inspired 1 
(6.16), one defines 



qAbc = m a de Q^'^ = ^-T F M A DE M 



3, 



6 



2 

-T F M FABC 9 (6.2 



Its tracelessness and total symmetry have become obvious in the last equality in (6.2£ 

"7111-1 
2 2 2 2 2 



hence this is the irreducible spinor-tensor corresponding to \\\\^r ■ By projecting the produ 



one realizes that the other irreducible structure must be 



q B; Ai a 2 a 3 = m a 1 a 2dQ a 3 bd 

= -h ElE2 M A ^ D Mt iD]BElE2 e = \v ElE2 M BElEr ' MMM 9. (6.29 
Exploiting the symmetry of Q ABC we can interchange the roles of A% and B in (6.29a) ai 

S S 'D L) 

using the properties of Mg 1 2 ' 1 "' 4 as well as the last equality in (6.29a), one can equally deri 

qB,a 1 a 2 a 3 = 2Y EF M BE ' FAlA2Ai e. (6.29 
The ordinary trace vanishes manifestly as does the first T-trace: 



The other one also vanishes: 



T E Q E ' MMM = 



(6.3 



Ve qB;E Ai a 2 = 2 _ TeM eM dQ mbd = 1 Te m ea ^ d T f M fm c Q^ dc = 
3 3 

= 2 -M EA ^ D M E A > c ef DC = - l -M EA ^M EDC ®f> DC = 
as implied by (6.5) and (2.3). The remaining property inherited from (4.75) is 

q^B;AiA 2 A 3 ] _ g 

Turning to the 9 8 x 9 decompositions, the first one is trivially inferred from (6.28) 

J\y[SlS 2 S 3 S4Q _ ^p'5lQ5'25'354 

From (6.29a) one successively derives the set: 

Y e J^A 1 A 2 A 3 ;B 1 B 2 Eq _ _^j^B 1 qB 2 ;A 1 A 2 A 3 _j_ 2 ^A 1 qB 1 ;B 2 A 2 A 3 

j^A 1 A 2 A 3 ;B 1 B 2 B 3 q _ fYA 1 A 2 QA 3 ;B 1 B 2 B 3 j ^yBiB 2 qBz;AiMA-A 

I _}_yAiB!qA 2 ;A 3 B 2 B 3 

15 9 

while from (6.29b) instead, the set 



r E M$ AiBl - BA e = - l -T B -e A > BM 
j^ac;b 1 ...b 4 q _ (Y A Y Bi o c ' ,B2B:iB4 -\-r c r Bi Q A ' B2BsB4 ) 

63 ^ 9 9 / 

-U 1 f r ,AB 1( ^C;B 2 B 3 B i , CB 1( ^A;B 2 B 3 B 4 \ 

126 ^ 9 V 9 > 

+ }_Y^lB 2 (qA;CB 3 B 4 qC;AB 3 B 4 \ ]_yBiB 2 B 3 qB 4 AC /g g 

For the representation §§§|§ we first construct the object with 3 indices by contractu 

M A X A 2 A 3 with qABC We define 

0n BC = r D M DAE e BC E = r D Mf BCE e 3 A E 

= r ElE2 M B CEl '' E2A e = ^r ElE2 M B c ' AElE2 e (6.3 



Then, we see that the tracelessness of 0f{ BC is trivially satisfied and the T-tracelessness is al 
immediate from (6.36): 

r A e A { BC = r A r D M° BCE e 3 \ = 2 Vad m£ bce o 3 a e = o 

T B Q A { BC = T B T D M DAE e BC E = 2 VBD M DAE e BC E = (6.3 

So n ' is irreducible, and a useful property of O n ' can be inferred from the group theor 
i.e., we must have 

q(A;BC) = Qj ^ 3 

which reflects the fact that we can not have an irreducible object with totally symmetrized 
indices in 6* n -sector (see Tablel). In fact, (6.38) can be readily verified from the definition (6.3( 

e[r c) = -v ElE2 M E ^ BC ^e = \y EiE2 mI ca ' EiE2 o 

= \M BCAF T ElE2 M E ^ E e = V 

Even though Q A { BC is irreducible, its Young symmetry is not manifest, so we need to defi: 
a new object for 



5 3 111 
2 2 2 2 2_ 

B B f D = B^ D]B = 3 -T ElE2 M BE ^ CD 9. (6.3 
Then, it is obvious from the definition (6.39) and (4.48) that Q B { AlA2 satisfies 

e^ ;AM21 = 0, (6.4 

and the inverse of (6.39) is 

qA; Si S 2 = _l e 5i;5 2 A 4 

3 

Turning to the representation §§§§§ , we need an object with 5 totally antisymmetrizi 
tensor indices. Naturally, we define 

e^- A5 = m e AiA2 q E]A3MA5 = -r ElE2 M E lEr ' Al - A5 e. (6.4 

Again, the tracelessness is trivial, but for the T-tracelessness we need a little work: 

T Al Q A ^ = T Al M E ^ M e 9E ' A:iMA ^ = -T D M DM E Q E > MMM 

5 

= -M MA * F T D M DAi E Q A * FE = -M MA * E T D Q F]DMA5 = 0. (6.4 
The irreducible object O^ 1 ' " As satisfies similar properties to those of Q Al '" A5 . First, it is self-du; 



and it satisfies 



a,A 1 ...A 5 _ 1 A 1 ...A 5 B 1 ...B 5 a ) „ „ ffi 4 

U ll — Uiib 1 ...b 8 (0.4 



T [B Q M...A 5 ] = Q (g 4 



While the self-duality (6.44) is obvious from (4.60) and (6.42), eq. (6.45) may be obtained fro 
(6.43) and (6.44) similarly to the case of Q Al '" As . In fact, the property (6.45) as well as (6.4) m. 
be also justified by the fact that: (l)r^Q^- A6] and T^ef 2 - Ae] are irreducible and, (2)we c; 
not have an irreducible object with 6 fully antisymmetrized indices in the 9 U - and 6> 5 -sectoi 
r^ Al Qf^'" A ^ is indeed irreducible because it is both rj- and T-traceless: 

r Al r^ef 2 - A6] = o, (6.4 

as can be seen by expanding the bracket. 

Now let us list the 9 W x 9 decompositions. For Aiil S2 ' AlA2A ' A 9 products we first have (6.3( 
(6.39) and 

T El E 2 M s ^ SrAElE2 9 = ~efl iSaA . (6.4 

9 

Then from these two we successively obtain the remaining decompositions: 

V E Ml A ' BM 9 = -^b.qWs 

3 

T E Mlf 2 '' MA2E 9= - (r s ^Q^ AlA2 +3T A ^ S2A2 ) 
63 V / 

m SiSt,AiA 2 A 39 = J_ ( 9T S 1T A ie Sr,A 2 A 3 + 4r]Sl A lQ S 2 ;A 2 A 3 + ^A^qS^aA (g 4 

210 V / 
On the other hand, for M A ^ Ar ' Bl - Bz> 9 we have (6.42) and 

r KA A 1 A 2 -BE 1 ...E i() _ 8 ft B;AiA 2 

J-Ei...£ 4 - /Vl 10 U - _ 5 U H 

F ,.BE 1 ;E 2 E 3 E 4 A 1 A 2 n ^ B ;A 1 A 2 

1 E^.^i^lO U — — 7 U 11 



F \ / <A 1 A 2 ;B 1 B 2 E 1 E 2 E 3 n _ % r B 1G *B 2 ;A 1 A 2 

1 E 1 E 2 E 3 J v l w 5 11 

T a a AE\\E 2 E 3 B\B 2 B 3 n 1 -pBi r\A\B 2 B 3 

1 BiB 2 E 3 Ml0 5 11 



F kaE\E 2 ;E 3 A 1 ...A4q n 

1 EiE 2 E3- /VT 10 (7 — U 



1 EiB 2 - /VI 10 y — ^ U ll + ^ X U ll 



F A/f AiA 2 ;-BiB2-B3SiE2/i _ ^ c i A 1 A 2 B 1 B 2 B 3 

i- E 1 E 2 J^lio W — ~Y^ U 11 

_|_ _J_ Z' ^pBiS2QB3;AiA 2 _ pAipBiQA 2 ;B 2 S 3 _ ^AiBiqA 2 ;B 2 B 3 

200 V 

10 30 



r E Mf lAr ' Bl - B * E e = -Lr A ^ Bl - Bi 

20 

_ \ ( opAip_Bi_B 2 @^2;B3B4 , ^pBiB 2 B 3 QS 4 ;AiA 2 . g AiBipB 2 QA 2 ;B 3 a 

600 V 11 11 11 



M MAr, Bl ...B, e = }_( V A,A 2Q B,...B, _ 2r] A,B 1 QB 2 ...B,A 2 \ 



11 



+ 1 ^pAipBiB 2 B 3 Q^2;B 4 Bs pBi-B 4 QBs;AiA 2 ^ ^ ^ 



The only representation we have in this sector is just 



3 3 111 
2 2 2 2 2 



like in the ^-sector and tl 



means that we need an object with 2 antisymmetric tensor indices again. Let us define 

eff = M A ElE2 Qf { E ^. (6.5 

Then the antisymmetry property of 0^ 3 B is automatically insured as soon as we obtain t 
following identity. That is, if we use (6.39), (4.48) and the first equation of (4.49), eq. (6.5 
becomes 

oAB _ 3 r U BD 1 ;D 2 E 1 E 2 M A n 

U 13 — 2 DlE>2 10 E\E 2 " 

3 p A A BEv,E 2 D±D 2 M A n 

— DiD 2 A4 10 1V1 E\E 2 u 

= -T DlD2 M^ AB 6 (6.5 

Further, the other expression for 0^ 3 B is also immediately obtained from (6.51) if we use the fii 
equation of (4.61), and (6.42): 



rsAB _ 5 KA D 1 D 2 ]ABE 1 E 2 E 3 M o_^m a ) E 1 E 2 E 3 AB in r 

On the other hand, the normal tracelessness of this antisymmetric spinor-tensor is trivial ai 

T D Q 13 DA = (6.5 

is also obvious from the last equality in (6.52). So 0^ 3 lA2 is the irreducible object corresponds 
to the representation ||||| • Now, for the 6> 12 x 9 decompositions we have 

r E M? 2 A ' BlB2 e = ^{t a q b ^ - r Bi e§ A ) 

M^ Sr ' XlX2 6 = —T SlXl Q^ X2 
33 

M MA 2 ; Bl B 2e = J_ ( T A lA2 QB,B 2 + pB 1 B 2e A 1 A 2 + 2T A 1 B lQ A 2 B 2 \ (g 5 

132 V. / 



and 



r B ,.. E6 .Mf 2 ;El -" B5 = 



r KA A;BE 1 ...E A a_ ^qAB 

i- E 1 ...E A M-\2 V - -g W 13 



T \ AE\\E 2 E-i,E A A\A 2 r\ csA\A 2 



lSi£; 2 E3A1i2 15 13 



F KA Er,E 2 E z A^A 2 A 3 n _ ^ r A 1 a.A 2 A 3 



J- EiB 2 A / T 12 



= __L^l 9 r^ A 2 A 3 i? + r BpA ie A 2 A 3 + ^BA.qMA, 



ZD 



r E Mfd Al - A5 6 = ^-r A ' MA *e A4A5 

oU 



Y E M^i Al - ME e = ^(^T MMM Q A f - T B Y MM Q A I M - 2ri BAl T A *<df* A ^ 

M?i Al - At e = —( v B T AM *Q A i A * + v M - A *e A f\ (6>5 

540 V / 



e 15 . 



1111-1 

2 2 2 2 2 



and t 



Finally, for (9 15 -sector we have again only one representation, which is 
corresponding irreducible object is a spinor with no tensor indices just like 9, but with opposi 
chirality in this case. So the only possible candidate for 615 is: 

Bis = 6 = T D M DE ^Q l3ElE2 = T ElE2E3 M ElE * E3 6. (6.5 
For the decompositions we have 

T ElE2 M E ^ A 9 = ^r A © 



v E M EAlM e = -— r AiA2 



= 

M AiA 2 A 3e = 1 _ T A 1 A 2 A 3Q , Q5 

720 v 



VII Products of M AlAciA? > with Spinor- Tensors 

In this section we list the products of M AlA ' lA ' 6 with all the n of section VI, since they a 
another necessary ingredient in the development of the tensor calculus. Other more esotei 
product identities are given in Appendix B. 

e 5 



j^A 1 A 2 A 3 qB 1 B 2 _ qA 1 A 2 A 3 B 1 B 2 

_ J^_pAipBiQB 2 ;A 2 A 3 _|_ J^_pAiA 2 QA 3 ;BiB 2 ^_ rj A 1 B 1 qB 2 ;A 2 A 3 /j 

10 5 10 5 10 ' 5 1 ' 

j^A 1 A 2 A 3 qB 1 ...B 5 _ __}_yB 1 ...B 4 qB 5 ;AiA 2 A 3 + ^^pAipBiB 2 B 3 _ 2^ A i B ip B 2B 3 ^ qB 4 -B b A 2 A 3 
- ^^pA 1 A 2 ^B 1 B 2 _|_ 2^iBip^2pB 2 _ 2^ A i- B i^ A 2B 2 ^Q^3;B 3 B4B5 

j^a 1 a 2 a 3 qC\B 1 b 2 _ ^_(^_y c T Ai + Arj CAl ^Q Ar,A:iBlB2 + J_^r c r Bl - Arf Bl ^jQ B2 ' ,AlMAz 

_ |j(r Ai r Bi - ior] MB ^Q Brfi ' A2A:i - A(sr Ai r Bi - 2v a ^q^b 2 a 2 a 3 

, _^_pAiA 2 0A 3 ;CBiB 2 _ }^-pA 1 A 2 QC;A 3 B 1 B 2 \_yBiB 2 qC*;AiA 2 A 3 

28 7 28 7 21 

_|_ _ ^pAiA 2 pgi |^AiBipA 2 ^QA 3 B 2 C ^ 



fl 9 



»^- j 4 1 A 2j 4 3 0B;CiC 2 C* 3 J_pAiA 2 A 3 qB;CiC 2 C 3 , 3_pC*iC 2 C* 3 qB;Ai A 2 A 3 

7 60 9 140 9 

( pBpCiC* 2 _|_ 2^BCipC 2 N \0C 3 ;AiA 2 A 3 + J_^BAx pA 2 qA 3 ;CiC 2 C 3 
\ o / J.U 



140 V 3 / " 10 
^_(^pAipCiC 2 , £ AlCipCaAQCsiBAaAa J_ /Vjp 41 !" 6 ' 16 ' 2 _ 227? AlCi r C ' 2 ^ g) 5 ^ 3 ^ 3 

280 V 3 ' J 9 280 V ' / 9 

i_pAiA 2 pCi q-B;A 3 C 2 C 3 i/p^P 4 ^ 2 _ g AiCipA 2 A qA 3 ;BC 2 C 3 

20 9 20 V l J 9 

+ J_/^pBpA!pCi _|_ ^CipB _|_ ^BAipCi _ ^BCipAiA qA 2 ;A 3 C 2 C* 3 

20 V / 
L_ ^pAiA 2 pCiC* 2 _ g^AiCipA 2 pC 2 _ 22r] AlCl r] A2C2 ^jQ A3C:iB (7 



j^A^AsqS^Ss = Lr^i^2A 3 05i5 2 53 + f A ' 2 T Sl - 8r) SlAl T A A Q AiS2Si 

16 112 \ / 

_ }l^S 1 S 2 qS 3 ;A 1 A 2 A 3 _ p 5 T Al _ l4rj SlA A qS2;S 3 A 2 A 3 ^ 

7 28 V / 



e 



11 



\S 2 ;S 3 A 3 



j^A 1 A 2 A 3 qSiS 2 S 3 _ —^r^i^apSi _ ^Q^Si^ip^a^Qg; 



3 

70 



^ j 4 1j 4 2j 430C*;BiB 2 B3 _ J^_pAiA 2 qA 3 BiB 2 B 3 C , J^_pBiB 2 QB 3 AiA 2 A 3 C 

9 " 330 11 330 11 



+ 



— f2ir C r Al + 109r/ C ' Al> )©^ 1 2A3Bl ' B2B3 - 91 ^CB 1 qB 2 B 3 A 1 A 2 A 3 _|_ 21 ^AiBiQ^ 3 B 2 B 3 C 



330 V / 11 330 ' 11 330 

— fnr- BiB2B3 r Ai — 50?7 AiBi r- B2 ' B3> )©f 1 ;A2j43 Lp A i A 2A 3 pBiQC;B 2 B 3 



1680 V / 11 40 



+ 



— f2r c r AiA2 r Bi - 97y CA ir A2 r Si - ^ CBi r AiA2 - ^ b ^ a ^y c t A2 - i&rf Ai ri MBi \Q A { ,B2B - 



+ 



120 V / 

^f-nr Ai r c r BiB2 - 30?7 CBi r B2 r Ai + 2V iBi r c r B2 + i40rf Bi ?7 B2Al ) n ;AaA3 



1680 V ' ' J 

}_{ pBiB 2 -pA!A 2 ^2^ AlBi r A2 r B2 + 168?] AlBl r/ j42 ' B2 ^0f 1 3;A3C ' 
840 V / 



— (29r AlA2 r BlB2 + 22?7 AlBi r A2 r B2 - 6A V AlBl 7] A2B2 ) eg A3B3 (7. 
840 V / 



6 13 



j^a 1 a 2 a 3 qC^b 1 b 2 _ J_ _ J_^-pC*-pyiiA 2 A 3 _ i2r7 C,A T A2A3 )6f 3 lB2 

1 1 . 36 



+ L^CB^B^A, _ 18r/ CB lr/ S 2 A 1 + 377 CA irBlB2 + ^MB^C^qMA, 

+ JL (2 r c r Bi r AiA2 - s^r^ 2 - 3077 CAi r A2 r Bi - 20r ? CAi r ? A2Bi )e A 3 3Bs 

_ J_^pAiA 2 A 3 pBi _|_ g^BiAipA 2 A 3 ^QB 2 C 

36 

_ JL( 2 r BlB2 r AlA2 + 30r] AlBi r B2 r A2 - SO^V^ 2 )©^ 



(7- 



^AiA 2 A 3 qBi...B5 _ J_/^_pA 1 A 2 A 3 pBiB 2 B 3 _|_ g^Bi AipA 2 A 3 pB 2 B 3 _|_ -^2^ A i B i^ A 2-B 2 pA 3 pB 3 \ QB 4 i 



72 



_|_ J_^pAiA 2 pBi...B 4 _|_ g^AiBipA 2 pB 2 B 3 B 4 _ g^AiBi^A 2 B 2 pB 3 B 4 ^ qB b A 3 
_|_ \ ^pBi...B 5 pAi g^AiBipB 2 ...B 5 ^QA 2 A 3 



015 




1 



( 




7 x 720 



VIII Conclusions 



We have presented here in detail the irreducible tensors and spinor-tensors contained in a seal 
superfield of definite chirality, 9 ( - +S) ) in particular but the results for <3>(x, 9^) are trivial 
obtained making the changes explained in the introduction. The results for the most bae 
products of these irreducible structures have also been presented as a first step towards a fi 
tensor calculus. The remaining products can be derived by iteration of the formulae here ai 
will appear elsewhere. 
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Appendix A. Conventions and Bosonic Identities 

Our conventions are r] AB = tjab = diag{-\ — ■••—), e 0L " 9 = e i...9 = 1 and the Dirac algebra is 

{T a ,T b } = 2 Vab A,B = 0,1,... 9. (A. 



Our definition for r(n) is 



which satisfies 



T(ii) = Tori • • • r 9 



r (ii) - 1 r (ii) - r (n) 

Then 0(+) = U {+) 9 = \{I + T {11) )9 belongs to the [\\\\\] representation of SO(10) wh: 
0H = U(-)0 = \{I - T (11) )9 belongs to [\\\\=±\. 

In 10 dimensions the Majorana and Weyl condition can be implemented simultaneously ai 
therefore our Majorana- Weyl spinors 9^ satisfy 

9 {±) r Al ... A J {±) = for n± 3, 7 (A. 

The only independent bilinear in 0(±) is then M$ c = 9^T ABC 9^ since we have the identi 
(2.8). Powers of this bilinear satisfy many identities, implied by the basic Fierz one, that a 
used in the straightforward derivation of the decomposition of the 9 6 product in section III. He 
is a list, 

M MM C ^M M C ^ = - l -M AlA2A3 M c ^+5 c A \M MAsE M c ^ E 

T\/rElA 1 A 2 nfB 1 B 2 B- i ] _ _ titEAi A 2 JufBi B 2 B 3 i ^_f v fEB 1 B 2 j [ ^B 3 A 1 A 2 

5 5 
_ —rjEB^A^D^Bs 3 AlBl M A 2 ED M B 2 B 3 

10 ' 5 ' 

M AlCl D M A2 ° 2Bl M B2BsD = 

— - Mn Cl ° 2 M AlA ' 2Bl M B2BzD + -Mn ClC2 M AlA2D M BlB2B:i - - M BlClC2 Mn AlM M B2BzD 
2 2 2 

A T] Mb 1m a 2 de m c 1 c 2dM b 2 b 3e _ v a iCim c 2 de m a 2 b 1dM b 2 b 3e _ \b 1 c, m c 2 de m a 1 a 2di 
2. 2 

j^A 3 C 3 B 3 fty[A 1 A 2 B 1 ^CiC 2 B 2 _ \^B^B 2 B 3 j^A 1 A 2 A 3 j^C^C 2 C 3 _ ^j^j-A 3 B 1 B 2 y[B 3 C x C 2 j^C 3 A 1 A 2 

6 2 

- ir/ SlC W AlA2A3 M B2B3 - D M C2C3 , D - - v A ^M A2A:i D M B2B:iD M a 
2 2 

_ I^^i^i^f^aAs^^-BaBaCi^-CaCaD + \^A^ ^A 2 A 3 ^B 2 B 3 D 

2 2 

+ - v AlBl M A2A3Cl M B2B3 D M C2CsD + v BlAl r] B2Cl M B:iDE M A2A:3 D A 
2 



€ AB A ...B r CE 1 ...Et M DB 1 B aMDE ^ MEaE * = g 

M DE ^ A M DFlF2 M F . iE c ^ = 

M AB lB2M B MM B 6 B 7 C = 2^ 1 ...B 7 E 1 E a E 3M DAF M M 

7x5! 



c 



M AD 1 D 2 j^D^E M C\C 2 e = 5 ^[^^ftD^CiCj^ 

6 



1 



— e 



Bi...B 6 Di...D 4 S/fj4 



5! 

HI^i.-wiw* M ^ Md2D3 b 2 MeiE2 c 2 

3 5! 

M E B2B ' A M BiBr ' B& M Cl ° 2E + -r] ClBl M E B2B ' A M B4B5B& M C2AE 
3 3 

A curious identity in the 9 W sector that is easy to prove is 

e FlF2 ... Fl0 M AFlF2 M BF3F4 M CF5F6 M DF7F8 M BF9Fl0 = 

as it should be since no such symmetric object is allowed to exist. 

Next we give a summary of how eq.(3.10) is derived directly from (2.12) or (3.3-3.5). V 
start with 



j^j-AiA 2 A 3 j^fBiB 2 B :i j^C\C 2 C 3 _ 

~e B ' B2B ^- D ^ A2 M As DlD2 M D3D4D5 + ^iBi^^BsEj^ftCs = 

1 B 1 B 2 B 3 D 1 ...D 5 A 1 A 2 M A 3 ( 1 E 1 ...E Z> C 1 C 2 M C-, ^ 4- 3 S Cl Mr, ^ „M 

— ~ M D 1 D 2 \ —-^£D 3 D 4 D 5 M E 1 E 2 ^E 3 E 4 E 5 + -0 D3 M DaD5E M 

+^ v AlBl M MM E M B2BiE M ClC2C ' 3 

Expanding the product of the Levi-Civita symbols and using heavily the identities above, o: 
gets after a lot algebra 

Q 

TifA 1 A 2 A 3 j^B x B 2 B 3 j\fCiC' 2 C :i _ f ajA 3 CiC 2 j^B 3 A,A 2 yrC 3 B x B 2 , jA 1 A 2 A 3 B 1 B 2 B 3 C 1 C 2 C 3 

8 

with 



jA 1 A 2 A 3 B 1 B 2 B 3 C 1 C 2 C 3 = 

= ^Q 7] B ^i M A 1 A 2 A 3M B 2 B 3 D M C 2 C iD + Ar] A lCl M A 2 A 3 D mBi B 2 B 3 M C 2 C 3 d 

j^rq^Bi M A2A ' A ° M B2B ' A D M ClC2Cs — Qr] AlCl M A2AaBl M B2B ' iD M C2 ° 3 D 



+ - 



yjMBi ( j^A 2 A 3 d j^B 2 B 3 D j^C 2 C 3 ^ _ j^A 2 A 3 D j^B 2 B 3 Ci j^C 2 C 3 ^ 



^ v BiC iM a 1 a 2 d m b 2 b 3dM a 3 c 2 c 3 _ 3v AiB 1v a 2 c iM a 3deM b 2 b 3 d m c 2 c 3 e 

^^rf^ M C 3DEM A 2 A 3 D M B 2 B 3 E _ Q v MB lr] B 2 C 1M B 3DEM A 2 A 3 D M C 2 C 3 E 
-3^iC lr] A 2 C 2 M B lB2 D M B 3 A 3 E + ^B.C, ^C, M A,A 2 D M A 3 B 3 E^ ^fCs^J 

_ e B 1 B 2 B 3 D 1 ...D 4 C 1 A 1 A 2M A3 DiJ?2Mj33D4£ , M C 2 CsS 

Iterating this equation, we arrive at 

^AgC^^^Ai^^Cs-Bi^ _ jCiC 2 A 3 B 1 B 2 C 3 A 1 A 2 B 3 _ ^ ^^[A^ j^B^B^ j^C 3 ] C ^ 

~ 8 

= _^_Af /1 1^2A3^BlB2B3^'ClC*2C3 

24 

— If JifA'iCiCi j^B 3 A 1 A 2 j^C 3 B 1 B 2 , l^^Bi^^^C^ j^^Ai^A 

6V 2 / 



with 



77 



+77 



A\A 2 A 3 B\B 2 B 3 C\C 2 C 3 



A 1 A 2 A 3 B 1 B 2 B 3 CiC 2 C 3 



_I (^B 1 C 1m A 1 A 2 A 3M B 2 B 3 D m C 2 C 3d + J? AiCi M A2A 3 D M i?ii?2i?3 M C2C3 D 

+r? Al Bl A7 A2 Aa D M B2 Ba D M Cl ° 2 ° z " 



+ — LaiC 1m a 2 a 3 b 1m b 2 b 3 d m c 2 c 3d + T] b 1 c 1m a 1 a 2dM b 2 b 3 d m c 2 c 3 a 3 
12 \ 

+ I( / ^i- B i^Ci M A3 dbM B2S30 M C2C 3 B + ^A X C\ ^B\C 2 j^C 3 ee j^A 2 A 3 D j^B 2 B 3 E 



6 

+r) A lBlrl B 2 C 1M B 3DEM A 2 A 3 D M C 2 C 3 E \ 



Applying the (normalized) operator <S(A, B, C) that fully symmetrizes upon interchange 
the letters A, B, C, to the equations we have just obtained, we get a system of two equatio 
with solution 



1 fi 

M A^A 2 A 3M B x B 2 B 3M dC 2 C 3 = ™ S (A,B,C) 

65 
9 



57 



j 4iA 2j 4 3 BiB2B3C*iC2C3 



_|_ _^jC*iC*2A3BiB2C3AiA 2 S3 + j jA 1 A 2 A 3 B 1 B 2 B 3 CiC 2 C 3 ^j 



Let us now proceed to prove the duality properties of the tensors M. x ^ x " Bh and Ai[ 
From (4.34) and ( |2.6|) we can also write 



Mfi Al - A5 = -M B Dl D2 M F D2 Ds M M D3 D *M Dl Di D5 M MAa Dr M F MA5 (A. 
2 



But: 



M B Dl D2 M FD2 D * M Al D3 Di M Dl Da d " M^ MAs Db M FMA ^ = 

= M B Dl D2 M FD2 D *M A i D3 D *M Dl D4 D5 - (3M A2A * D3 M FA ^> + 2M FM Db M MMM 



-M B Dl D2 M FD2 D * M Al Dz D * M Dl Di D5 M MM Ds M FMM 
5 



so 



Mfi Al - M = -M B Dl D *M FD2 D *M M Dz D m D ^ D ^M\ MA * D M FMM] 
6 

^ 1 

— M B D 2 M D 3 M A i D iM D i D 5 FA 2 ...A S E 1 ...E 5M M 

— —-—.M D M FD2 M D M Di 6 M D ElE2 M E EiE 

DO! 

Now we have to "rotate" indices; that is, from the identity: 

M FD2 D W Dl D4 ^M D3 ^^e^--^ i?1 --- i?5 ]M D5£ ; lS2 M i ,3 i , 4£ ; 5 = (A. 

we see that 



M FD2 Bi M Dl Di D * M D5ElE2 M E3E4 e 5 



h M D B ^e FM - M - E * 



M D D 4 F e A i- A 5Ei--E 5 _ 2M D d ^ e 1^Ai...AbE2...E b _ D 4 E 3e FA 1 ...A 5 E 1 E 2 E 4 E 5 



0. 



the second and third term vanish identically because of (2.3) and ( |3.11| ) respectively, and ~\ 
obtain 

5 

Therefore 



« ;B;Ai...A s _ 1 A 1 ...A 5 FE 1 ...E 4A/ rB D 2 *f-Di D 5 M D 3 M D 4 H M M 
•Ml2 — 7, TT e M £>i M D 4 MfD 2 M D 3 ^D 5 E 1 E 2 m HE 3 E 4 

Z, X O ! 

= _^e i -^ FE - E W% 1 D W fll D4 ^M^/ 3 M D3fl /M D5ElE2 M M3E4 

A X o ! 

' e Al -- A5£l --- E5 M^ 2 Dl M D ^ 1 1)4 M £l D4D3 M D2D 3^M Z35£2i ,3M HB4E5 



2x5! 
1 

...... i I ' i ~. i-j I . . . J_ \ A 

12A1...A5) 



_^_ e A 1 ...A 5 E 1 ...E 5 j^B; 



5 



the desired result. Notice the opposite sign with respect to the 6 A piece, whose duality w 
explicitly used. For M^' 31 "' 35 the derivation proceeds similarly and again one obtains a resi 
opposite to the 6> 4 one. 



Appendix B. Fermionic Identities 

In this Appendix we list identities involving some products of powers of M ABC with the spine 
tensors. 

m EiE2 c q am ^ E2 = *e? AlMA3 (b. 

5 

M EB;A 1 A 2e C E = * (®MA 2 -BC _ qBA u A 2 C^ + ^MqMBC (r 



M CElE2 M AlA2 El M BlB2 E2 e = 

_ }_( yCqA 1 a 2 ;B 1 b 2 _|_ 2y a iq A2Bi > B2C — 2Y Al Q A2C ' BlB2 — Y Al T Bl Q A2B ' 2C 
28 V 

— y c Q BlBr ' AlA ' 2 — 2Y Bl Q B2Al,A2C + 2T Bl Q B2C ' AlA ' 2 + r- Bi r j4l O' B2A2C ^ (B 



qBA i; a 2 c = 3q(B; C ) Ai a 2 
2 



T E M EBF Q 7F c ^ A2 = M MA2E <d BC E 

Q ABC = 1t EiE2E3 M e ^Q abc 
M ad e M b df QCEf = qC { ab 



M ElE A ®r EiE2 = \®*i AC 



Q (C;D) Al A 2 = l M E M A 2Q CD E + ^MqMCD 



M E AE2 M E BE *M Ei CE ^M E EE ^ E E - = 

= 1 f 2 r A eff D + t a &c { bd - AT B eff D + T B efi AD 

42 V 

-AT c efi BD - 5T c e*{ AD - r D e*{ AC - 2T D e^ A 



T E M EA F Q F { BC = --T^ B Q c ; )A 
3 

r E M EA F e B f F = Ve* c + \r B eg A + -r c e AB 

2 3 6 



Appendix C. Young Projector Method 



Let us consider a Young diagram R with n rows having rrii boxes in the i th row (mi > ni2 
. . . > m n ) and having Xj boxes in the j column (n = Ai > A2 > . • • > A mi ). The Youi 
projector corresponding to a particular (Ri) standard tableau |2(| is given by 



Y (Rj) = a(R)QV 

mi n 

Q = HQi v=U p > 



(C. 



i=i 



where Pj is the (normalized) operator that fully symmetrizes over the entries of the j th row ai 
Qi is the (normalized) one that fully antisymmetrizes over the entries of the i th column. F 
operators so normalized, the normalization factor a needed for Y to be idempotent Y 2 = Y, i 



ml 



u'=i 




(C. 



where m = S?=i m j = Si=i i s the total number of boxes in the Young diagram and dim(R) 
the dimension of the irreducible representation of the symmetric group S m corresponding to t 
diagram R (F2T| . The products of factorials in ( |C.2| ) appear because we considered normalized ( 
and in O (Q? = Qi, Pj = Pj). 

ffl 

There are 14 standard tableaux associated with the diagram : , however, due to identi 
6D many of them do not contribute. The tableaux that give non-vanishing results are 



14 14 14 15 15 16 

25 26 27 26 27 27 

3 3 3 3 3 3 

6 5 5 4 4 4 

7 7 6 7 6 5 



(C. 



and the results for all the tableaux can be inferred from the first two 



Y 



/14\ 
2 5 
3 
6 

V7 J 

a 



D 



? m [a 1 A2A 3M c 1 C2] dM b 1 b 2 d _|_ m [b 1 a 2 a 3M c 1 C2] dM a 1 b 2 d 
+m IA 1 b 2 a 3M c 1 c 2 ] m BiA2D + M [BlB2Az M ClC2] D M AlMD ) 



(C. 



Y 



/14\ 
2 6 1 

3 
5 

V J 



j^A 1 A 2 A:j j^BiB 2 D j^CiC 2 



D 



= ^M^ A2As M B2C ^ D M ClBlD + M^ BlA2A3 M B2C ^ D M AlClD 
8 

+m [a 1 c 1 a 3M b 2 c 2 \ dM b 1 a 2 d + m [b 1 c 1 a 3M b 2 c 2 ] dM a 1 a 2 d^ 
the letter convention has been momentarily suspended in (|C.4|) and 



(C. 



So, to obtain the total projection corresponding to the diagram : we add the contributio 
of all the standard tableaux in ( |C.3|) 



y id j^A 1 A 2 A 3 j^B 1 B 2 Dj^C 1 C 2 



D 



j(M [AlMM M BlB2] D M ClC2D + M [AlMM M ClC2] D M BlB2 
+2M [AlA2Ai M BlCl] D M B2C2D ) 



D 



(C. 



dim :' 



7! 



-(2!2!)(5!2!) 



A comment is in order here. In projecting an arbitrary tensor one obtains a different : 
reducible representation for each standard tableau [SIJ. The same is not true here, of court 
because of the nilpotency of the ^-tensors. Each irreducible representation appears only on 
at each level in Table 1. The number of degrees of freedom are dramatically reduced by i. 
nilpotency of these structures and that is why the problem becomes manageable. For instanc 

the product M MMAi M BlB2Bi instead of having ( 1 ) x ( ° j = 120 2 = 14400 degrees 



freedom, it has only 



16 

4 



770 + 1050 = 1820. But doing the counting explicitly by subtrac 



ing the number of independent constraints implied by the conditions on the irreducible piec 
and otherwise derivable identities, can be an extremely painful task. However, one does not ne< 
to dwell into all that detail, fortunately, but rather proceed to add all the projectors for t' 
different standard tableaux corresponding to a Young diagram in order to consistently extra 
the unique representation involved in all the cases. 
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